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Abstract. The area and entropy spectra of black holes in topologically massive 
gravity with the gravitational Chern-Simons term are calculated. The examples we 
consider are the BTZ black hole and the warped AdSa black hole. For the non-rotating 
BTZ black hole we find that the gravitational Chern-Simons term does not affect the 
area and entropy spectra, so that they are equally spaced. For the rotating BTZ 
black hole, the spectra of the inner and outer horizon areas are not equally spaced and 
dependent on the coupling constant v of the gravitational Chern-Simons term. However 
the entropy spectrum is equally spaced and independent of the coupling constant v. 
For the warped AdSa black hole we find again that the entropy spectrum is equally 
spaced and independent of the coupling constant while the spectra of the inner and 
outer horizon areas are not equally spaced and dependent on the coupling constant 
V. Our result implies that the entropy spectrum has a universal behavior regardless 
of the presence of the gravitational Chern-Simons term, and therefore the entropy is 
more 'fundamental' than the horizon area. We propose to use this universal behavior 
of entropy spectrum as criteria of a correct quasinormal mode. 
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1. Introduction 

The quantum nature of black holes represents a significant and valuable property as a 
tool in understanding quantum gravity. This can be seen from the quantization of black 
hole horizon area which follows from the fact that there can be emission or absorption 
of quanta from a black hole. It was first proposed that the black hole horizon area is an 
adiabatic invariant and should be quantized by Ehrenfest principle, which says that any 
classical adiabatic invariant corresponds to a quantum entity with discrete spectrum [1]. 
By considering the minimum change of horizon area in the process of absorption of a 
test particle it was proposed that the horizon area is linearly quantized as follows [1] : 

An^-fnh , 71 = 0,1,2,.., (1) 

where 7 is an undetermined dimensionless constant. Since this proposal, the horizon 
area spectra of black holes have been investigated in various ways. Among them, it was 
realized that the quasinormal mode of a black hole which is the characteristic sound of 
the black hole would play a significant role in obtaining area spectrum of the black hole. 
Based on Bohr's correspondence principle, by considering the real part of the asymptotic 
quasinormal mode of a black hole as a transition frequency in the scmiclassical limit, the 
dimensionless constant 7 could be determined [2] . For the example of the Schwarzschild 
black hole, the real part of the asymptotic quasinormal mode is given by ur = [3] 
and the dimensionless constant 7 was determined as 

7 = 41n3, (2) 

where the relations A = IGvrM^ and AM = Hur were used [2]. 

Later, the area spectrum of the Schwarzschild black hole was reproduced in a 
different method, where an adiabatic invariant of the system was used [4]. It was 
noticed that given a system with energy E and vibrational frequency ou{E), the quantity 
I — J dE/u{E) is an adiabatic invariant [4]. The real part of the quasinormal frequency 
was considered as the vibrational frequency and Bohr-Sommerfeld quantization, I — nh, 
was applied in the semi classical limit. Since the change of the energy of a black hole is 
the change of the ADM mass M of the black hole, the formula was obtained as follows: 
f dE fdM 

J UJR J UJR 

From this formula, it was obtained that the area spectrum of the Schwarzschild black 
hole is the same as the previous result (2) and equally spaced. 

Following the formula (3), a modified adiabatic invariant X was considered for a 
rotating black hole. The modified adiabatic invariant X was given by [5] 

dM - QdJ 



I 



where ft is the angular velocity at horizon. This adiabatic invariant I was quantized 
asl — nh via Bohr-Sommerfeld quantization. This was applied for the Kerr black hole 
and the area spectrum was not equally spaced [5] . 
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Recently, it was proposed that since a perturbed black hole has to be described 
as a damped harmonic oscillator, the characteristic classical frequency cUc should be 
identified with the transition frequency between quantum levels {uJo)k, which is defined 
as {u}Q)k = {V^R^ + ^i'^)k, in the semiclassical limit [6]. Since most black holes have 
1^/ 3> cor at highly excited levels, we have cuq ~ Uj rather than uq ~ Ur. Therefore for 
the highly damped mode (w/ > ur) we have cUc = {ooo)k - {^o)k-i - {\^i\)k - {\^^i\)k-i, 
where k & N and k ^ 1. With this newly identified frequency, the area spectrum of 
the Schwarzschild black hole was obtained from the relation AM — = ttt as follows 



This area spectrum is equally spaced, but has different spacing from the previous result 
(2). By using the newly identified frequency ujc instead of lor in the formula (3), the area 
spectrum (5) was reproduced [7, 8]. With this transition frequency uic the area spectrum 
of the Kerr black hole was reconsidered by using Bohr-Sommerfeld quantization of the 
modified adiabatic invariant (4) [7, 9]. It was obtained again that the area spectrum of 
the Kerr black hole is not equally spaced, which is still in contradiction to Bekenstein's 
proposal [1]. In our recent work [10], however, it was pointed out that Bohr-Sommerfeld 
quantization should be applied to an action variable of the system rather than an 
adiabatic invariant, and that not every adiabatic invariant is an action variable. It 
is well known that the action variable via Bohr-Sommerfeld quantization should be 
given by 



Based on Bohr's correspondence principle, the transition frequency Uc of a black hole 
in the semiclassical limit is considered as the oscillation frequency in a classical system 
of periodic motion. So, the action variable of the corresponding classical system is 
identified and quantized via Bohr-Sommerfeld quantization in the semiclassical limit as 
follows [10]: 



A black hole with transition frequency can be considered as a classical system of periodic 
motion with oscillation frequency equal to the transition frequency in the semiclassical 
limit. Therefore the formula (7) holds for a black hole with quasinormal mode regardless 
of whether it is rotating or not [10]. As an example for a rotating black hole, the BTZ 
black hole was considered in our previous work [10] and by using the formula (7) we 
obtained that the area and entropy spectra are equally spaced. 

In this paper we would like to apply the method to topologically massive gravity 
theory in three dimensions [11, 12], and investigate the area and entropy spectra of black 
hole solutions in that theory, where the gravitational Chern-Simons term is considered in 
the Einstcin-Hilbcrt action with the cosmological constant. The reason we consider this 
is that the simple Bekenstein-Hawking area law, S = A/{4:Gh), is no longer true, due 



[6]: 



A = Snnh . 



(5) 




(6) 




(7) 
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to the presence of the gravitational Chern-Simons term. We then face a small puzzle. 
Can either of the area spectrum or the entropy spectrum have a universal behavior of 
equally spaced spectrum? The physical quantity with the universal behavior should be 
regarded as more 'fundamental'. So, it is a very interesting question to ask if the black 
holes in the topologically massive gravity have such a universal behavior and which one 
is 'fundamental'. If any of the spectra indeed has such a behavior, it will provide a 
substantial support for our earlier proposal [10]. Further motivation for the inclusion of 
the gravitational Chern-Simons term comes from the fact that it rises naturally in string 
theory. Sometimes, the compactification of superstring theory down to odd dimensional 
spacetimes gives rise to the gravitational Chern-Simons term. In particular for the three 
dimensional case, it becomes the topologically massive gravity. As we know, in three 
dimensions there are no propagating degrees of freedom even though asymptotically 
AdSs black hole solution exists [13]. However, the topologically massive gravity has a 
single massive graviton mode because of the gravitational Chern-Simons term [11]. So, 
we will consider black holes in three dimensional topologically massive gravity with a 
negative cosmological constant, whose action is given by [11, 12, 14] 

I = Ieh + Ics 

where u is the coupling constant and e'^'^'^ — is the Levi-Civita tensor. The 

first term Ieh is the Einstein-Hilbert action with a negative cosmological constant and 
the second term Ics is the gravitational Chern-Simons term. Varying this action with 
respect to the metric, we obtain the equation of motion; 

G^u - ^g^.u + ^C^, = , (9) 
where G^j^ is the Einstein tensor and C^y is the Cotton tensor; 

G^,v — R^u — -^QnuR , G^y = s'^^Va (^Ri3u — -^gpuR^ ■ (10) 

We will consider two examples of black holes as the solutions of the equation of motion 
(9). One is the BTZ black hole and the other is the warped AdSs black hole which is 
asymptotic to warped AdSa. The warped AdSs black hole without naked closed timelike 
curves is the spacehke stretched black hole ior u > 1. The warped AdSs black hole for 
u > 1 has the non-vanishing Cotton tensor, C^i, ^ 0, while the BTZ black hole and the 
warped AdSs black hole iox v — 1 have the vanishing Cotton tensor, C^,^ = 0. Indeed 
the metrics of the BTZ black hole and the warped AdSs black hole ioY v — \ are related 
by a coordinate transformation each other [14]. 

We will apply the formula (7) for the BTZ black hole and the warped AdSs black 
hole and calculate the area and entropy spectra of the black holes with the gravitational 
Chern-Simons term. This paper is organized as follows: First, we will consider the BTZ 
black hole with the Chern-Simons term. For the rotating case we find that the inner 
horizon area as well as the outer horizon area is quantized and the area spectra are 
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not equally spaced and dependent on the coupling constant u. However the entropy 
spectrum is equally spaced and independent of the coupling constant u. This entropy 
spectrum is the exactly same as for the rotating BTZ black hole without the Chern- 
Simons term obtained in [10]. This implies that the entropy is more 'fundamental' than 
the horizon area. For the non-rotating case both area and entropy spectra arc equally 
spaced and independent of the coupling constant f. The area and entropy spectra are 
the exactly same as for the non-rotating BTZ black hole without the Chern-Simons term 
obtained in [10]. Therefore the Chern-Simons term does not affect the area and entropy 
spectra of the non-rotating BTZ black hole, different from the rotating case. 

Next, we will consider the warped AdSa black holes for v > 1. For v — 1 case, we 
find that the spectra of the both inner and outer horizon areas are equally spaced and 
the entropy spectrum is also equally spaced. These area and entropy spectra are exactly 
same as for the rotating BTZ black hole with the Chern-Simons term for z/ = 1, as it 
is expected. For u > 1, we find that while the spectra of the inner and outer horizon 
areas are not equally spaced and dependent on the coupling constant u, the entropy 
spectrum is equally spaced and independent of the coupling constant u. This behavior 
of the area and entropy spectra is just hke the rotating BTZ black hole case with the 
Chern-Simons term. Moreover the entropy spectrum is exactly same as for the rotating 
BTZ black hole regardless of whether the Chern-Simons term is considered or not. It 
implies that the entropy spectrum has a universal behavior regardless of the presence 
of the gravitational Chern-Simons term. 

In the last section, we propose that the universality of the equally spaced entropy 
spectrum can be used for criteria for checking if the calculated quasinormal modes of a 
black hole are correct. For the quasinormal modes of the warped AdSs black hole for 
u > 1, there are two different calculations which give different results in [15, 16] and [30]. 
The quasinormal modes in [15, 16] are obtained from the vanishing Dirichlet boundary 
condition at radial infinity, while in [30] the quasinormal modes are obtained without 
imposing boundary condition at radial infinity. Since the warped AdSs black hole for 
V > 1 has the finite effective potential at radial infinity, it is not clear whether we can 
impose the vanishing Dirichlet boundary condition at radial infinity. However, as we 
propose, from the universality of the entropy spectrum we can find which one is right. 
In light of the criteria that the equally spaced entropy spectrum should be universal, we 
find that the quasinormal modes in [15, 16] are ruled out, since they give non-equally 
spaced entropy spectrum. 



2. Area and entropy spectra of the BTZ black hole with the gravitational 
Chern-Simons term 

We will consider the rotating BTZ black hole with the gravitational Chern-Simons term. 
The metric of the rotating BTZ black hole is given by [13] 

.2 far... leCV^X 2 dv'' 3/, 4^7 

d.^^ (8GM---— ;^)rft^+ ^ . . ..a^,.. +r^d<t>-^dt] (11) 
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where the cosmological constant is given by A = — ^. The mass M and angular 
momentum J of the black hole can be expressed in terms of the outer and inner horizons, 
r±, as follows: 

The quasinormal modes are same as for the rotating BTZ black hole without the Chern- 
Simons term, since the metric is unchanged even though the Chern-Simons term is 
considered. For the rotating BTZ black hole the two famihes of the quasinormal modes 
are given by [17] 

m Xr+ + r^) {2k + 1 + y/T+]I) 
ujR=-j-i (13) 

m .(r+-r_) (2A; + 1 + 

where m is the angular quantum number and k is the overtone quantum number which 
comes from the boundary condition in the radial direction. The mass parameter /i is 
given by = u^l'^/h^, where u is the mass of the scalar field. 

At large k for a fixed \m\, in particular for A; ^ |m|, the two transition frequencies 
corresponding to each quasinormal mode are obtained as follows: 

2(r+ + r_) 2^8GM + 8GJ/l ,^ , 

UJRc = p - J , lloj 

2(r+-r_) 2,/8GM-8GJ/l 
UJLc - p - ^ . (16) 

We consider the two action variables, and 3l, corresponding to each possible 
transition frequency. Prom the formula (7) two action variables are obtained and 
quantized. We should note that when the Chern-Simons term is considered, the change 
of the energy of the black hole is not the change of the ADM mass M of the black hole. 
Because of the Chern-Simons term, the conserved charge A4 of the BTZ black hole, 
which is called ADT mass, is given by [18, 19] 

M = M^±, (17) 

where M and J are the mass and the angular momentum for the BTZ black hole in 
the absence of the Chern-Simons term. So, the change of the energy of the black hole 

should be considered as the change of the ADT mass Ai, i.e. dE = dM.. Note that 
(17) holds only for the stability bound, v > 1/3, which is from the requirement that 
central charges should be non-negative [19, 20]. Therefore we consider only the cases 
for I' > 1/3, and the action variable 3 is given by 

J <^c J J 3ul J LOc 

The two action variables, and Jl, are obtained and quantized as follows: 

3h= C^ + ^f^^^^^VSGM + SGJ/l^nnk. (19) 

J urc Sul J ujRc 2AGv 

f dM 1 f dJ (3z/ - 1)/ /— — — — — ^ 

/ + 7^7 / o.r^ ^8GM-8GJ l^riLh. 20 

J ulc 3ul J ulc 2AGv 
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First we will consider the case for 1/ > 1/3. Prom (19) we find that the total horizon 
area spectrum is given by 

At,t = A^t + = 27r/y8GMT8Gj7I = -^^^hrH , (21) 

you i j 

where n/j = 0, 1, 2, ... This spectrum is equally spaced and the spacing is dependent on 
the coupling constant u. From (20) we find that the difference between the two horizon 
areas is also equally spaced and dependent on the coupling constant f as follows: 



Asub = Aout - An = 2^Tl^/8GM - 8GJ/1 = -riLh , (22) 

[Siy I) 

where til — 0, 1,2, ... Therefore the spectra of the outer and inner horizon areas are 
obtained as follows: 

_ 24G'7rz/ 

Aout 



Air, 



9z/2 - 1 
24:G7iu 



{3iy-l)nR + {3p + l)nL\h , (23) 

91,2 _ 1 [(^^ - 1)^^ - + ^ ' ^^^^ 

where {Su — l)nR > (3i/ + l)nL- The area spectra are not equally spaced and dependent 
on the coupling constant so that they are affected by the Chern-Simons term. Note 
that when we take the limit u goes to infinity, which means the vanishing of the Chern- 
Simons term in the action (8), the area spectra become the ones for the rotating BTZ 
black hole without the Chern-Simons term obtained in [10] where the units, c — 8G — 1, 
are used. 

Now let us find the entropy spectrum. When the Chern-Simons term is considered, 
the entropy of the BTZ black hole is not satisfied with the Bekenstein-Hawking area 
law, S — any more. It has another term related to the inner horizon area as follows 
[19]: 

where r± are the outer and inner horizons, respectively. Using (23) and (24), we find 
the equally spaced entropy spectrum as follows: 

S = 2n{nR + hl) ■ (26) 

Therefore the spacing of the entropy spectrum is given by 

AS = 271 . (27) 

The entropy spectrum (26) is independent of the coupling constant u and exactly same 
as for the rotating BTZ black hole without the Chern-Simons term obtained in [10]. 
Therefore the Chern-Simons term does not affect the entropy spectrum of the BTZ 
black hole, even though it affects the area spectra. This imphes that the entropy is 
more fundamental than the horizon area. 

Next, the case for i/ = 1/3 is considered, which corresponds to chiral gravity. Prom 
(19) and (20), we have only one non- vanishing action variable 3r; 

3r = -^V^GM + 8GJ/1 = riRh . (28) 
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This quantization gives the equally spaced spectrum of the total horizon area; 

Aot = ^o«t + = 27rZy8GMT8Gj7I = STrGriRh , (29) 

where riR — 0, 1, 2, ... However, we cannot obtain the spectrum of the difference between 
two horizon areas since — 0. Nevertheless the entropy spectrum can be obtained, 
since the entropy (25) for i/ = 1/3 is only proportional to the total horizon area. That 
is, when v — 1/3, the entropy reduces to the following simple form: 



^out + ^in ^tot 



(30) 



AGh AGh 

Therefore using (29), we find the equally spaced entropy spectrum as follows: 

S = 2nnR . (31) 

This entropy spectrum has the same spacing as for the rotating BTZ black hole for 
ly > 1/3, i.e. AS = 2%. 

Lastly we will consider the non-rotating BTZ case whose horizon is located at 
rn = iVSGM. The quasinormal modes of the non- rotating BTZ black hole are given 
by [17, 21] 

uj^±—-i— ^ , (me Z, 0,1,2,..) , (32) 

t L 

where m is the angular quantum number and k is the overtone quantum number of the 
quasinormal modes. At large k for a fixed |m|, in particular for k ^ \m\, we have a 
transition frequency in the semiclassical limit as follows: 

2V^GM 2th 

^c=^^ = ^. (33) 

As mentioned before, when the Chern-Simons term is considered, the change of the 
energy of the black hole should be considered as the change of the ADT mass M. which 
is given by (17). However since the angular momentum J is zero for the non-rotating 
BTZ black hole, wc can consider the change of the energy of the black hole as the change 
of the ADM mass M, dE = dM. Therefore from (7) the action variable 3 is calculated 
and quantized as follows: 

Prom this quantization we find the equally spaced area spectrum as follows: 

A = 2nrH = 2nlVSGM = IGnGnh . (35) 

Note that this spectrum docs not depend on the coupling constant u. The area spectrum 
is the exactly same as for the non-rotating BTZ black hole without the Chern-Simons 
term obtained in [10] where the units, c = SG = 1, are used. 

Let us calculate the entropy spectrum. When the Chern-Simons term is considered, 
the entropy is given by (25). For the non-rotating BTZ black hole, however, since the 
inner horizon area is zero, the entropy is simply given by 
27rr+ A 



AGh AGh 



(36) 
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It satisfies the Bekenstein- Hawking area law. Note that the entropy is also not affected 
by the Chern-Simons term. Using the result of the area spectrum (35), we obtain the 
equally spaced entropy spectrum as follows: 

S^Ann. (37) 

This spectrum is also exactly same as for the non-rotating BTZ black hole without the 
Chern-Simons term obtained in [10]. Therefore we conclude that for the non- rotating 
BTZ black hole the Chern-Simons term does not affect the area and entropy spectra. 



3. Area and entropy spectra of the weirped AdSa black hole 

In this section, we would like to consider the warped AdSa black holes for i/ > 1. The 
case u — 1 is related to the BTZ black hole considered in the previous section. The 
metric is given by [14, 22] 



ds 



r 



dt' + 



^ + (^2i/r - V(i^^ + 3)r+r_) 



dtdO 



iiP- -|- 3)(r — r+)(r — r_) 



(38) 



where r+ and r_ are the outer and inner horizons, respectively. Note that the coordinates 
t and r are dimensionless. It is another black hole solution of gravity theory with the 
gravitational Chern-Simons term. The entropy of the warped AdSs black hole is given 
by [14, 22] 

S = [(9^^^ + 3) r+ - {y^ + 3) r_ - 4^V(^^ + 3)r+r_] . (39) 

The conserved charges such as the ADT mass M. and angular momentum J are given 
by [14, 22] 

{v^ + 3) 



M = 
J = 



24(7 

(z/^ + 'i)vl 
96G 



^A/(i/2 + 3)r+r_^ , 

/ 1 rr-. — \^ (5Z/2 + 3), 

I r+ -Fr_ - -V(i^ +3)r+r_ 1 — (r+ - r. 



(40) 
(41) 



which satisfy the first law of the black hole thermodynamics, djv[ = TdS + CldJ', with 
the Hawking temperature T and the angular velocity of the horizon Q given by [14] 



^^1 



+ 3) 



r I — r_ 



n = 



47r/ (2i/r+ - ^/^yT^}r^) 
2 



I (2z/r+ - ^(z/2 + 3)r+r_)/ ' 
From the metric (38) the outer and inner horizon areas are given by 

A,^t = nl (2ur+ - {y-^ + 3)r+r_) , 
Ain = tt/ 2z/r_ — \/ (z/^ + 3)r+r_ 



(42) 
(43) 

(44) 

(45) 
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We are considering the non-extremal warped AdSa black hole with the two horizons, 
r-i- > r_ > 0. The expression of the inner horizon area is considered for the following 
two cases: 

^ > (^^TS) ' " ( + 3)r+r_ - 2i/r_) . 

(ii) 1 < — < , ^. case : Ain = nl f 2i/r_ - + S)r+r-) . 

Note that the expression of the inner horizon area ior i/ — 1 only corresponds to the 
case (i) and the expression of the inner horizon area for i/ > 1 is divided to the two 
cases as the above. 

For the case (i), the total horizon area, Atot = Aout + ^m, and the area difference, 
Asub = Aout — ^in, are rewritten in terms of ADT mass A4 and angular momentum J', 
using (40) and (41); 



. 2..Hr, - r.) ^ ig^y ^«K6GA<V -^(.^ ^ 3) ^//) _ 



A.^ = 2^vl (r+ + r_ - ^(^^ + 3)r+r_) = ^^^M . (47) 

For the case (ii) it is easily found that Atot and Asub are interchanged each other. 

Now let us calculate the area and entropy spectra from the quasinormal modes of the 
warped AdSa black hole by using the formula (7). Usually the quasinormal modes can 
be obtained from the radial boundary conditions of the wavefunction, which is a solution 
of the wave equation obtained by a perturbation. In particular for black holes in AdS 
background, the vanishing Dirichlet boundary condition at radial infinity is imposed, 
since the effective potential in the wave equation is divergent at radial infinity [21, 23]. 
In [15, 16] the quasinormal modes of the warped AdSa black hole are obtained from the 
vanishing Dirichlet boundary condition. Since the warped AdSa black hole ior u — 1 has 
the divergent effective potential at radial infinity, the appropriate boundary condition 
which should be imposed at radial infinity is the vanishing Dirichlet boundary condition. 
However, in the warped AdS3 black hole for z/ > 1 the vanishing Dirichlet boundary 
condition is not natural, since it has the finite effective potential at radial infinity, in 
contrast to the case for u = 1 [15, 24]. Rather the Dirichlet boundary condition is not 
appropriate for the warped AdSs black hole for z/ > 1, since it can have a non- vanishing 
wavefunction for the finite effective potential at radial infinity. Therefore, since the 
boundary condition at radial infinity is not obvious for i/ > 1 [15, 16], we need to find 
the correct quasinormal modes for i/ > 1 in a different way. In obtaining quasinormal 
modes there are various methods. For example, the quasinormal modes of the BTZ 
black hole were obtained from the appropriate boundary condition at radial infinity in 
[17, 21]. However by using monodromy method the same quasinormal modes were also 
obtained in [25, 26, 27]. In particular, without imposing any boundary condition at 
radial infinity the same quasinormal modes for the BTZ black hole were obtained in 
[26, 27]. Likewise, recently without imposing any boundary condition at radial infinity 
the quasinormal modes of the warped AdSa black hole for i/ > 1 for the massless scalar 
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field were obtained by using monodromies at inner and outer horizons [30]. These are 
called holographic quasinormal modes, which are given by 

'^R = -r = ~7 =N— > 

^ 2 (iy{r+ + r_) - + 3)r+r_ j I 

where m is the angular quantum number and negative imaginaries are taken for e of 
the wavefunction to have damped quasinormal modes. Note that 'I'^(^) is dimensionful 
and gives the transition frequency, u;^c(Lc)' which has the dimension of E/h. When 
u = 1, the quasinormal modes are the same as what have been obtained by imposing 
the vanishing Dirichlet boundary condition at radial infinity in [15, 16], which is the 
appropriate boundary condition only for u = 1. 

At large k for a fixed \m\, in particular for k ^ \m\, the two possible transition 
frequencies are obtained from the two families of the quasinormal modes (48) and (49) 
as follows: 



^Rc 



2i^i i/(r+ + r_) - ^/(y~+3jr^- 



+ ' / {6GM^u-iu^ + 3)J/l), (50) 



2ul 3GM V 5i/2 + 3 

where (40) and (41) are used in rewriting in terms of A4 and J^. From the formula (7) 
the action variable 3 is obtained and quantized; 
^ fdE fdM 

where the change of the energy of the warped AdSa black hole is considered as the 
change of the ADT mass M.. Therefore two action variables 3r and 3l are obtained 
and quantized as follows: 



fdM '2iyl 
J z/2 + 3 

Prom these quantization conditions, we find the spectra of Atot and Agub which are given 
by (46) and(47); 

Aot = ^^^^^r^nnh , Asub = 2A7rGnLh . (55) 
5i/^ + 3 

The total horizon area At^t is equally spaced and dependent on the coupling constant 
u, and the area difference Ag^b is also equally spaced and independent of the coupling 
constant u. Therefore the spectra of the outer and inner horizon areas are obtained as 
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follows: 



487rGz/2 / 5z/2 + 3 . 



51/2 + 3 V 4z/2 

, 487rG'z/2 / 51/2 + 3 , ^ , ^, 

An = ± r- o , o T^'^L n, , (57) 



5Z/2 + 3 V 4i/2 

where + sign in Aj„ with nji > ^"^Ji^ riL corresponds to the case (i) and — sign in A^ 
with nji < ^^j^n^L corresponds to the case (ii). These area spectra are not equally 
spaced and dependent on the coupling constant i/. For the u = 1 case, the area spectra 
are equally spaced as follows: 

Aout = Q7rG{nR + 2nL)h , Ain = 67rG{nR - 2nL)h , (58) 

where tir > 2nL. So, the spacing of the area spectra is given by AAout = ^^in = SttG. 
The area spectra (58) are the exactly same as for the rotating BTZ black hole with 
the Chern-Simons term for z/ = 1 in the previous section. This is natural because the 
warped AdSa black hole for u = 1 is the rotating BTZ black hole in a rotating frame 
[14]. Note that this spacing is different from the rotating BTZ black hole case without 
the Chern-Simons term, which is given by AA^ut = AA^^ = SttG in [10]. So, it can be 
considered that the Chern-Simons term affects the spacing of the area spectra. 

The entropy spectrum is obtained by rewriting the entropy expression (39) in terms 
of the horizon areas as follows: 

nl (^(9i/2 + 3) r+ - (i/2 + 3) r_ - Au^/(yT^)^^^ 

(59) 



24:Guh 

(9i/2 + 3)Aout ± (i^' + 3) An 



ASGu^h 

where + is for the case (i) and — is for the case (ii). Because of the Chern-Simons term, 
the entropy is proportional to not only the outer horizon area but also the inner horizon 
area, so that the Bekenstein-Hawking area law, S = ^g^, does not hold anymore. Notice 
that the entropy in terms of the horizon areas is dependent on u. However a remarkable 
cancellation of u dependence happens when we substitute (56) and (57) into (59). We 
find that the entropy spectrum is equally spaced as follows: 

S = 27r(n« + Hl) . (60) 

This entropy spectrum is independent of the coupling constant u and the spacing is 
given by AS = 27i. The result (60) is the same for both cases (i) and (ii). Furthermore 
this is the exactly same as for the rotating BTZ black holes with and without the Chern- 
Simons term. It implies that the entropy spectra of the black holes have a universal 
behavior regardless of the presence of the gravitational Chern-Simons term. Therefore 
we would like to claim that the entropy spectrum rather than the area spectrum of a 
black hole should be equally spaced. 
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4. Entropy spectrum cis criteria for queisinormal modes 

In certain cases there are several different calculations for quasinormal modes of a black 
hole, with different results. As mentioned before, for example, there was another work 
on the quasinormal modes for the warped AdSa black hole [15, 16]. These quasinormal 
modes are obtained from the vanishing Dirichlet boundary condition which is not natural 
for the case u > 1. In this section we would like to show that the universality of 
the equally spaced entropy spectrum can be taken as criteria for determining correct 
quasinormal modes. We propose that the quasinormal modes of a black hole which give 
rise to equal spacing in its entropy spectrum are the correct ones. 

For that purpose wc will show how the area and entropy spectra are given, when 
the quasinormal modes of the warped AdSa black hole for v > 1 which are obtained 
from the vanishing Dirichlet boundary condition are used. Prom the quasinormal modes 
obtained in [15, 16] the two transition frequencies are obtained as follows: 

~ (^^ + 3)(r+-r_) 1 

I 2v (r+ + r_) - 2^{u^ + 3) r+r_ - ^?>{u^ - 1) (r+ - r_) / ' ^ ^ 

Note that ujrc{Lc) is dimensionful and identified with the transition frequency which has 
the dimension ol E/h. When the formula (7) with dE — dM. is apphed with these two 
possible transition frequencies, we obtain the area spectra as follows: 



487rG'z/2 / + (9//- + 3) ^'iiiy^ - 1) , ^ 
= [^^ + 2. (.^ + 3) ' ' ' ^''^ 

An = '-nL \h. (64) 



where + sign in Ain with ur > '^^^^'^ —nL corresponds to the case (i) and — sign in 

Ain with riR < '^^^^^^ —riL corresponds to the case (ii). 

Using these area quantizations, the entropy (59) are quantized for both cases (i) 
and (ii) as follows: 



S = 27r\nR + u^ + S ' ' ^ 

This is not equally spaced and depends on the coupling constant i/. No cancellation of 
v dependence happens here. There are general arguments that the entropy should be 
equally spaced [28, 29]. We expect these types of arguments should go through even in 
the presence of the gravitational Chern-Simons term, and thus we expect equally spaced 
entropy spectrum. When a quasinormal mode fails to give equally spaced entropy, 
presumably it is an erroneous one. Therefore in the sense that the entropy spectrum 
should have a universal behavior as an equally spaced one, the non-cqually spaced 
entropy spectrum (65) with u dependence implies that the quasinormal modes obtained 
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from the vanishing Dirichlet boundary condition at radial infinity in [15, 16] are not 
correct for u > 1. Therefore we conchidc that the correct entropy spectra of the warped 
AdSa black hole for i/ > 1 are given by (60), and not by (65). 

5. Conclusion 

We calculated the area and entropy spectra of the black holes in the topologically massive 
gravity. Prom the quasinormal modes of the black holes, we obtained possible transition 
frequencies between quantum levels of the black holes. By Bohr's correspondence 
principle, a quantum black hole with a transition frequency can be regarded as a classical 
system of periodic motion with the transition frequency as an oscillation frequency in the 
semiclassical limit. The action variable of the classical system is identified and quantized 
via Bohr-Sommerfeld quantization. From this we obtained the area and entropy spectra 
of the BTZ black hole and the warped AdSa black hole under the consideration of the 
gravitational Chern-Simons term. 

First we considered the BTZ black hole with the Chern-Simons term. For the 
non-rotating case we found that the area and entropy spectra are equally spaced and 
the exactly same as for the non-rotating BTZ black hole without the Chern-Simons 
term obtained in [10]. This is because the Chern-Simons term does not affect the 
energy and entropy of the black hole. For the rotating BTZ black hole with the Chern- 
Simons term the spectra of the outer and inner horizon areas arc not equally spaced and 
dependent on the coupling constant z/. However the entropy spectrum is equally spaced 
and independent of the coupling constant i/. Furthermore this entropy spectrum is the 
exactly same as for the rotating BTZ black hole without the Chern-Simons term obtained 
in [10]. In particular for the rotating BTZ black hole with the Chern-Simons term for 
u = 1/3, which corresponds to chiral gravity, only the total horizon area spectrum was 
obtained and equally spaced. So, the spectra of the outer and inner horizon areas were 
not obtained. However we could find the equally spaced entropy spectrum, since the 
entropy is only proportional to the total horizon area. The entropy spectrum has the 
same spacing as for the rotating BTZ black hole for other values of u, i.e. AS = 2tt. 

Next, the warped AdSs black holes for u > 1 were considered. It is known that 
the warped AdSs black hole ior u — 1 is related to the rotating BTZ black hole by 
a coordinate transformation. In this sense we obtained the consistent result that the 
area and entropy spectra of the warped AdSa black hole for v — 1 are the exactly 
same as for the rotating BTZ black hole with the Chern-Simons term for u — 1. We 
found that the both area and entropy spectra are equally spaced. For the warped AdSs 
black hole for z/ > 1, the quasinormal modes were obtained by imposing the vanishing 
Dirichlet boundary condition at radial infinity [15, 16]. But this boundary condition 
is not appropriate, since the effective potential in the wave equation is finite at radial 
infinity. There can be a non- vanishing wavefunction at radial infinity. This is different 
from usual AdS black holes such as the BTZ black hole for which the vanishing Dirichlet 
boundary condition should be imposed at radial infinity because of the divergent effective 
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potential. There is another calculation for the quasinormal modes of the warped AdSa 
black hole [30], obtained without imposing any boundary condition at radial infinity. 
Using these quasinormal modes obtained in [30] , we found that the entropy spectrum is 
equally spaced and independent of the coupling constant u, even though the area spectra 
are not equally spaced and dependent on the coupling constant u. Moreover the entropy 
spectrum is the exactly same as for the rotating BTZ black holes with and without the 
Chern-Simons term. So, it implies that the entropy spectrum has a universal behavior. 

This universality that the entropy spectrum of a black hole is equally spaced can 
be taken as criteria for determining correct quasinormal modes. We proposed that the 
correct quasinormal modes should result in the equally spaced entropy spectrum. By 
calculating the entropy spectrum with quasinormal modes in two different methods, we 
found two different entropy spectra. Of course only one of these should be correct. What 
we found is that the quasinormal modes obtained from the vanishing Dirichlet boundary 
condition [15, 16] does not give equally spaced entropy spectrum. On the other hand, 
the other quasinormal modes obtained without imposing any boundary condition at 
radial infinity [30] does give equal spacing. Therefore the latter should be the correct 
one. 

In this paper we extended the method for black hole quantization proposed in the 
previous work [10] to the black holes in topologically massive gravity theory. We found 

that the entropy spectra of the black holes are equally spaced, even though the area 
spectra are not equally spaced. Therefore, it should be considered that the entropy 
spectrum is more 'fundamental' than area spectrum. This has been observed before in 
[8, 29], where the entropy spectrum of the five dimensional black hole with the Gauss- 
Bonnet term is equally spaced, even though the area spectrum is not equally spaced. 
For the future investigation, it will be worth to find if entropy spectra for other black 
holes in higher dimensions and different gravity theory have universal behavior. For 
example, the quantization of the four dimensional black holes, in particular for the Kerr 
black hole whose area spectrum is not clear yet, as was explained in the introduction. 
It is expected that the equally spaced entropy spectrum of a black hole can be used for 
various investigations on a quantum black hole as a quantum property of a black hole. 
For example, very recently the equally spaced entropy spectrum was used as what is 
associated with the information of a black hole in the work on the emergent gravity [31]. 
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